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Abstract

QGRAPH is a new visual languagefor queryingandupdatinggraphdatabases.In QGRAPH the usercan draw a
queryconsistingof someverticesandedgeswith speci�ed relationsbetweentheir attributes. The responsewill be
thecollectionof all subgraphsof thedatabasethathave thedesiredpattern.QGRAPH is very usefulfor knowledge
discovery. QGRAPH hasa powerful andelegantcountingfeaturethatenablestheuserto easilyspecifyhow many of
certainobjectsandlinks shouldexist in orderfor asubgraphto matchaquery. QGRAPH hasacleanformalsemantics
which we describein detail. We show thatQGRAPH hasexpressive power correspondingto a well-de�ned subsetof
FO(COUNT),i.e., �rst-order logic with countingquanti�ers.

1 Intr oduction

QGRAPH is a new visual languagefor queryingandupdatinggraphdatabases.A key featureof QGRAPH is that the
usercandraw a queryconsistingof verticesandedgeswith speci�edrelationsbetweentheir attributes.Theresponse
will bethecollectionof all subgraphsof thedatabasethathavethedesiredpattern.

QGRAPH is a full-�edged queryandupdatelanguagewhich cancreatenew objectsandlinks andcanupdatethe
attributesof existing objectsand links wherever a subgraphmatchinga given querypatternoccurs. QGRAPH has
a powerful andelegantcountingfeature(numericannotation)that enablesthe userto easilyspecifyhow many of
certainobjectsandlinks shouldexist in orderfor asubgraphto matchaquery. QGRAPH is designedto applyto graph
databaseswith multiple attributesattachedto objectsandlinks. Eachattributeconsistsof a setof values.

QGRAPH hasa cleanformal semanticswhich we describein detail (Section3). Whenqueriesarewritten using
suchasimple,intuitivetool it is crucialto giveprecisesemantics,sothattheinterpretationof aquerydoesnotdepend
onpossiblydivergingintuitions.We show thatQGRAPH hasexpressivepowercorrespondingto a well-de�ned subset
of FO(COUNT),i.e., �rst-order logic with countingquanti�ers. QGRAPH bearssomerelationto anothervisualquery
language,GraphLog,which, in thepresenceof ordering,hasqueryexpressibilityFO� TC��� NSPACE� �	��

��� [CM].
Therearealsoweaker relationshipswith languagesdesignedto queryXML, or semi-structureddata[AQM, ABS].

We have designedQGRAPH to beusefulfor knowledgediscovery anddatamining in largegraphdatabases.Our
knowledgediscoveryalgorithms[JN, NJ] constructprobabilisticmodelsof thedependenciesamongtheattributesof
objectsandlinks in a local neighborhood.We alsowish to supporttheadhocexplorationof databasesthat is essen-
tial for effective knowledgediscovery in practicalapplications.TheseusesareenabledbecauseQGRAPH provides
numericalannotations,returnscomplex objectsin responseto queries,andadmitsveryef�cient queryevaluation.

In Section5 wediscusssomefuturework in whichweplanto optimizeQGRAPH queryevaluationgivenstatistical
informationaboutthedatabase.We discussplansto allow the QGRAPH interfaceto estimatethesizeof matchesand
timeneededto producethem.We will alsoconsideraddingstrongerfeaturessuchastransitiveclosurein thiscontext,
i.e.,with warningsto theuserwhentheprocessingof aquerymight beprohibitive.

2 Languagedescription

A QGRAPH queryis a labeledgraphin which theverticescorrespondto objectsandtheedgesto links. We usethe
termsvertex andedgewhenreferringto thequery, objectandlink whenreferringto thedatabase.Thequeryspeci�es
thedesiredstructureof verticesandedges.It mayalsoplacebooleanconditionson theattributevaluesof matching
objectsand links, as well as global constraintsrelating one object or link to another. Eachvertex and edgeof a
QGRAPH queryhasauniquelabel.Thequerymustbea connectedgraph.

A queryconsistsof match verticesandedgesandoptionalupdateverticesandedges.Theformerdeterminewhich
subgraphsin thegraphdatabaseconstitutea matchfor thequery. The latterdeterminewhatmodi�cations aremade
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Figure1: Graphicaldatafragmentfrom amovie database

A BObjType = Person
LinkType = ActorIn

ObjType = Movie
X

Figure2: Findall Person , ActorIn , Movie subgraphs

to the matchingsubgraphs.A querywith only matchverticesandedgesservesto identify anddisplaya collection
of subgraphs.To matchthequery, a subgraphmusthave thecorrectstructureandsatisfyall thebooleanconditions
andconstraints.A querywith bothmatchandupdateverticesandedgescanbeusedfor attributecalculationandfor
structuralmodi�cation of thedatabase.Thequeryprocessor�rst �nds thematchingsubgraphsusingthequery'smatch
elements,thenmakeschangesto thosesubgraphsasindicatedby thequery'supdateelements.

Figure1 is anexampleof thegraphdatabasesfor whichwe designedQGRAPH. Our databaseconsistsof objects,
binarylinks, andattributesthatrecordfeaturesof theobjector link. An objector link canhavezeroor moreattributes.
All attributesareset-valued. For example,a personcanhave multiple names.The �gure shows a fragmentfrom a
databaseaboutmovies. Thelabelson theobjectsindicatetheir name,andthelabelson links indicatetheir type. Not
shown in the �gure areotherattributesof objects,suchastheyeara movie wasreleasedor the locationof a studio.
Similarly, links couldhaveattributes,suchasthesalaryanactorreceivedfor starringin a givenmovie.

2.1 Conditions

Thequeryin Figure2 �nds all subgraphswith anActorIn link betweena Person anda Movie . Thetyperestric-
tionsareexpressedby conditionson thetwo verticesandoneedgeof thequery. In this exampleonly oneattributeis
testedin eachcondition;in generalaconditioncanbeany booleancombinationof restrictionsonattributevalues.

A, B, andX areuniquelabelsassignedto eachvertex andedgein the query. We uselettersat thebeginningof
thealphabetfor vertices,andthosefrom theendof thealphabetfor edges.Thelabelshave no intrinsic meaningand
do not indicateanything aboutthetypeof objector link thatwould matchthe labeledelement.Wheredesired,type
restrictionsareenforcedwith conditionsonverticesandedges.

For the sampledatabaseof Figure1, this queryproduces8 matches(Figure3). Unlike the SELECTstatement
in SQL, a QGRAPH querydoesnot specifywhich attributesof matchingobjectsandlinks shouldbe includedin the
result.Evaluatinga QGRAPH queryreturnsacollectionof all thematchingsubgraphsfrom thedatabase.Theusercan
examineany subgraphin theresultingcollection,andany objector link in thatsubgraph,with theuserinterface.All
theobjectandlink attributes,not just thosementionedin thequeryconditions,areavailablefor inspection.

2.2 Numeric annotations

To grouptheactorstogetherfor eachmovie,weaddanumericannotationto thePerson vertex (Figure4). Executing
this queryagainstthedatabaseproduces4 matches(Figure5), onefor eachmovie, comparedwith 8 matchesfor the
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Figure4: For eachmovie, �nd all its actors

querywithout thenumericannotation(Figure3). A numericannotationcanbespeci�ed on a vertex or anedgeof a
QGRAPH query. (Wewill seein Section2.6thatasubquerycanalsohaveanumericannotation.)A numericannotation
takesoneof threeforms. An unboundedrange � ���	� � on a vertex (or edge)meansat least � instancesof theannotated
object(or link) mustbepresentin any matchingdatabasefragment.A boundedrange � ���	� ��� meansat least � andno
morethan� instancesarerequiredfor amatch.An exactannotation� ��� meansexactly � instancesarerequired.� canbe
any integer ��� ; � canbeany integer ��� . If thelowerendof thepossiblerangeis 0, theannotatedstructureis optional
in any matchingdatabasefragment.(Theannotation���	� ��� is notallowedbecauseit wouldbeambiguousbetween� ���	� ���

and �����	� ��� .) Theannotation� ��� on a vertex (or edge)indicatesnegation:to matchthequery, a databasefragmentmust
not containthecorrespondingobject(or link). To bewell-formed,a querymustremaina connectedgraphwhenany
optionalor negatedstructures(annotations� ��� , � ���	� � , or � ���	� ��� ) areremoved. To avoid ambiguitiesof interpretation,
only oneof any two adjacentverticescanbeannotated.

A numericannotationserves two purposesin a query. It groupstogetherinto onematchrepeatedisomorphic
substructuresthatwould otherwisecreatemultiple matchesfor thequery(compareFigures3 and5). It placeslimits
on how many suchstructurescanoccur in matchingportionsof the database.To group the substructureswithout
limiting their number, we usethe annotation�����	� � (asin Figure4). Thereis no mechanismin QGRAPH to limit the
numberof matchingsubstructureswithout groupingthemtogether. If we changedtheannotationon thevertex A in
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Figure5: Matchesfor queryin Figure4
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Figure6: Mysterieswith fewer than3 femaleactorsandnoOscarawards
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Figure7: Moviesnominatedfor BestPicturein 1997thatdid notwin

Figure4 to be[1..2] insteadof [1..], thenthesubgraphon theright-handsideof 5 would no longerbea matchfor the
query. Thesubgraphson theleft-handsidewould still bematches.

The edgeX of Figure 4 also hasan annotation �����	� � . An edgeincident to an annotatedvertex must itself be
annotated.Theannotationon thevertex takesprecedenceover theannotationon theedge.We �rst �nd all theactors
for a speci�c movie, thenfor eachof thoseactorswe �nd all theActorIn links thatconnecttheactorto themovie.
For example,an actorwho playedmultiple roles in a particularmovie might have multiple ActorIn links to the
sameMovie object.Theannotation�����	� � groupsall theselinks into a singlematch.To avoid clutter in thefollowing
examples,we have omittedtheannotation�����	� � from theedgesadjacentto annotatedvertices.Theannotation�����	� � is
implicit unlesssomeotherannotationis speci�edon theedge.

Thequeryof Figure6 selectsmysterymoviesthatneverreceivedanOscarandhavefewerthanthreefemaleactors.
A movie thathaswon no awardsat all, or haswon awardsthat arenot Oscars,couldmatchthis query. The movie
Sleuth(1972)is a match.Sleuthhadonly onefemaleactor(Eve Channing)andwon no Oscars,althoughit did win
anEdgarAllan PoeAwardanda New York Film Critics Circle Award. If we wantedonly moviesthathave won no
awardsatall, we woulddroptheconjunctAwardType � Oscar from theconditiononnodeC.

A negatedelement(annotation� ��� ) doesnot show up in the resultsof a query, becausea subgraphmatchesthe
queryonly if it hasno object(or link) matchingthenegatedvertex (or edge).For thequeryof Figure6, no Award
objectsor Awarded links would appearin the results.Person objectsandActorIn links would appearonly in
matchesfor moviesthathadexactly oneor two femaleactors,suchasSleuth. They would not appearin matchesfor
moviesthathadno femaleactors.

Thequeryof Figure7 selectsmoviesthatwerenominatedfor theBestPictureOscarin 1997but did notwin. This
queryillustratesa numericannotationona link. ThemoviesAsGoodasIt Gets, TheFull Monty, GoodWill Hunting,
andL.A.Con�dential matchthis query.

2.3 Projecting over subgraphstructure

For many queries,theuserdoesnot needto seetheentirematchingsubgraph.For thequeryof Figure7, thereis no
needto includetheAward objectandtheNominated link in every subgraphof theresultingcollection.Thefocus
of interestis themovie. To seeonly Movie objectsin theresults,wehighlightvertex A in thequery(leaving theother
vertex andtheedgesunhighlighted).This highlightingis analogousto theprojectionoperatorin relationalalgebra.In
QGRAPH, we projectover structuresby highlightingtheelementsthat interestus. Highlighting doesnot changehow
thequeryis evaluatedagainstthedatabase.It changeshow thematchingsubgraphsaredisplayed.Only thoseobjects
andlinks thatmatchhighlightedverticesandedgesaredisplayed.
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Figure9: Pairsof peoplesuchthateachhasactedin moviesdirectedby theother

2.4 Undir ectededges

The datamodelunderlyingQGRAPH is a directedgraph;it hasno undirectedlinks. Nevertheless,QGRAPH allows
undirectededgesfor queriesin which we do not know, or chooseto ignore,thedirectionalityof therelationship.For
example,in themovie databasetheRemakeOf link goesfrom a new remake to theolderoriginal. Supposewe want
to �nd

�

remake, original� pairssuchthat oneof the two movies receivedan Oscarfor BestPicturewhile theother
did not. Thisquerycanbesuccinctlyexpressedwith anundirectedRemakeOf edgebetweenthetwo Movie vertices
(Figure8). The silent classicBen-Hur(1925)andthe1959remake starringCharltonHestonmatchthis query. The
1959�lm won theOscarfor BestPicture;theoriginalpredatedtheOscarawards.

2.5 Constraints

The queryof Figure9 selectspairsof peoplesuchthateachhasactedin oneor moremoviesdirectedby theother.
Thisquerymatchesthedatabasefragmentshown in Figure10. Burt ReynoldsdirectedTheEnd(1978)in whichDavid
Steinberg acted,andSteinberg directedPaternity(1981)in whichReynoldsacted.

This queryalsomatchesany directorwho hasactedin his own movies. Multiple verticesof a querycanmatch
a singledatabaseobjectprovidedtheobjectsatis�estheconditionson all thevertices.Likewise two or moreedges
having the samestart-andendpointscanmatcha single link in the database.In the caseof an actor-director, the
verticesA andB matchthesamePerson , C andD thesameMovie , W andX thesameActorIn link, Y andZ
the sameDirectorOf link. For example,this querywould matchJohnSaylesandall the �lms he both directed

DirectorOfBurt Reynolds

Paternity

The End

ActorIn

ActorIn

DirectorOfDavid Steinberg

Figure10: Databasefragmentfor Burt ReynoldsandDavid Steinberg
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Figure11: Directorsof moviesthathavewon threeor moreawardseach

andappearedin: Returnof theSecaucus7 (1980),Lianna(1983),TheBrotherfromAnotherPlanet(1984),Matewan
(1987),Eight MenOut (1988),City of Hope(1991),PassionFish (1992).

To eliminatethe actor-directormatches,we addtwo inequalityconstraints to the query: A  � B andC  � D.
(Inequalityconstraintson the verticesforce the edgesto be distinct aswell.) Inequality constraintsarenecessary
whenever we want to ensurethat two vertices(or edges)mapto distinctdatabaseobjects(or links), unlessthecon-
ditions on the two queryelementsare incompatibleanyway. In additionto inequalityconstraints,a constraintcan
relateattributevaluesof oneobjector link to thoseof anotherin thematchingsubgraph.For example,supposethe
ActorIn link hasa Salary attributerecordingtheamounttheactorearnedfor thatappearance.With constraints,
we cancomparethesalariesof two differentactors,or thesalariesof thesameactorfor two differentmovies.

Both conditionsandconstraintsrestrictthematchesto a query. Conditionson a vertex (or edge)involveonly the
attributesof thecorrespondingobject(or link). Constraintsrelateonevertex (or edge)of thequeryto anothervertex
(or edge),by assertingthatthetwo aredistinctor by comparingtheirattributevalues.No inequalityor otherconstraint
is allowedbetweentwo verticesthatbothhavenumericannotations,for thesamereasonthattwo verticesjoinedby an
edgecannotbothbeannotated.Likewisenoconstraintmaymentiontwo annotatededges.However, a constraintmay
mentionanannotatedvertex andanannotatededgethatis incidentto thatvertex.

2.6 Subqueriesand Union

A subqueryis aconnectedsubgraphof verticesandedgesthatcanbetreatedasalogicalunit. It hasoneor moreedges
that leave the subquerybox andattachthe subqueryto somevertex or verticesof themain query(or a higherlevel
subquery).A subqueryenablestheuserto attacha numericannotationto a connectedgroupof verticesandedges,
insteadof justasinglevertex or edge.A queryor subquerymayalsobewrittenastheunionof two or morequeriesas
longasthey all have identicallynamedunannotatedverticesandedges.

Figure11showsaquerythat�nds peoplewhohavedirectedverysuccessfulmovies,whereamovie is considered
“very successful”if it haswon threeor moreawards. The numericannotation�����	� � on thesubquerybox will group
togetherall thesuccessfulmovies for a givendirectorinto onematchfor thequery. Without thesubquerybox, one
matchwouldbereturnedfor eachsuccessfulmovie of eachdirector. ThedirectorStevenSpielberg matchesthisquery.
His very successfulmovies includeRaiders of the Lost Ark (1981),4 Oscars;E.T. the Extra-Terrestrial (1982),4
Oscars;JurassicPark (1993),3 Oscars;Schindler'sList (1993),7 Oscars;andSavingPrivateRyan(1998),5 Oscars.
Theentiresubgraphshown in Figure12constitutesonematchfor thequeryin Figure11.

2.7 Data transformation

In additionto its convenientfeaturesfor dataextraction,QGRAPH is a �e xible languagefor datatransformationin
graphdatabases.We canaddnew objects,links, andattributes,or deleteexistingones.Conceptually, QGRAPH query
processingcomprisestwo phases:matchandupdate.Thematchphasedetermineswhich subgraphsof thedatabase
areselectedby thequery'smatchverticesandedges(with their associatedconditions,constraints,andnumericanno-
tations).Theupdatephaseperformsall indicatedupdatesin parallelto theselectedsubgraphs.Applying oneupdate
cannotcreatea new matchfor anotherupdatewithin thesamequery.
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Figure12: A matchfor queryin Figure11

2.8 Conditions and updateson set-valuedattrib utes

In the QGRAPH datamodel,all attributesareset-valued.In many cases,thesemanticsof thedomainrepresentedby
thedatabaseconstrainthevaluesof someattributesto besingletonsets.In themovie database,theObjType attribute
is a singletonset:noobjectis botha personanda movie, or anawardanda productionstudio.But in otherdomains,
a singleobjectmight haveseveraldifferentObjType s.

The notation attribute � value is shorthand for value ! values(attribute) . Likewise,
attribute  � value is shorthandfor value  ! values(attribute) . Note thatany objector link for which
attribute is unde�ned(that is, values(attribute) �#" ) satis�estheconditionattribute  � value . If
thesematchesareundesirable,we caneliminatethemwith a compoundcondition that �rst testsif the attribute is
de�ned: (attribute  � EMPTY $ attribute  � value) .

Becauseattributesareset-valued,QGRAPH providesfor threetypesof attributeupdates:

% replacetheexistingvaluesof theattributewith thenew value,written attribute := newValue
whichmeansvalues(attribute) &

�

newValue �

% addthenew valueto theexistingones,written attribute += newValue
whichmeansvalues(attribute) & values(attribute) '

�

newValue �

% removeanexistingvaluefrom theset,written attribute -= oldValue
whichmeansvalues(attribute) & values(attribute) (

�

oldValue �

We canadd,remove,or replacemultiple valuesat once.For example,
attribute := newValue1, newValue2, newValue3 means
values(attribute) &

�

newValue1, newValue2, newValue3 � .
To removeall valuesfor anattribute,setit to empty: attribute := EMPTY
whichmeansvalues(attribute) &)" .
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Figure14: Add link from actorto studiowith total salary

2.9 Counter variables in attrib ute updates

Figure13 shows a variationon thequeryfrom Figure11 in which we storethenumberof very successfulmoviesas
a new attributeof thedirector. Thenumericannotation� �+*,�-���	� � on thesubquerybox illustratestheuseof a counter
variablethatis setto thenumberof matchesfor thesubquery. Any or all of thenumericannotationsin aquerymaybe
augmentedwith countervariables,solongasthevariablenamesareuniquewithin thequery. Thevariable� countsthe
numberof moviesby this directorthathave receivedthreeor moreawards.This valueis copiedinto a new attribute
MeasureSuccess on thePerson object.Theitalic font andassignmentoperatorindicateanattributeupdate.

2.10 Adding a link

Thequeryof Figure14createsanEmployeeOf link betweenanactorandastudioif theactorhasappearedin movies
madeby that studio. The querycalculatesthe total salarythe actorearnedfrom all his appearancesin the studio's
moviesandrecordsthe �gure asasan attribute of the new link. This exampleillustratesthe useof an aggregation
functionto calculatetheactor's total salary. AggregationfunctionssuchasSUM, AVG, MIN, andMAX maybeused
in a QGRAPH constraintor attribute update.The expressionSUM(X.Salary) calculatesthe sumof theSalary
attributefor all theActorIn links X connectingtheactorto amovie madeby thestudio.Thenumericannotationon
themovie vertex is essentialfor thecalculationof TotalSalary . Theannotationgroupstogetherinto onematchall
themoviesfor agiven

�

actor, studio� pair. Without thenumericannotation,aseparatelink from actorto studiowould
becreatedfor each

�

actor, movie, studio� triple, andthevalueof theTotalSalary attributeon the link would be
thesalaryfor thatparticularmovie.

A new EmployeeOf link is createdfor each
�

actor, studio� pair thatmatchesthequery. Thesalaryis summed
over just themoviesinvolving that

�

actor, studio� pair. If theactorhasworkedfor severaldifferentstudios,thequery
createsan EmployeeOf link to eachstudiowith a correspondingvalue for the TotalSalary attribute. If we
wantedto createthenew link only in caseswheretheactorhadearnedonemillion dollarsor moreworking for the
studio,we would adda constraintto thequery:SUM(X.Salary) �.�/�10 .

2.11 Adding an object

QGRAPH alsoallowsthecreationof new objects.To addanobjectto thedatabase,wemustalsoaddoneor morelinks
to connectthenew objectto existing ones.Figure15 shows how themanagerof a cinemacomplex would createan
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Figure15: Film seriesof FayeDunawaymovieswith two or moreawards

objectrepresentinga �lm series.Themanagerwantsto presenta retrospectiveof FayeDunaway'swork. To weedout
the lessappealing�lms, sheselectsonly thosethat receivedat leasttwo awards.Eachof theFayeDunaway movies
is connectedto theFilmSeries objectby a InSeries link. This queryaddsonenew objectbut asmany links as
therearemoviesin thedatabasethatsatisfytheawardscriterion. If we augmentedthedatabasefragmentof Figure1
with awardinformationfor all its movies,evaluatingthisquerywouldresultin a�lm serieswith threeitems:Network,
andbothversionsof TheThomasCrownAffair (1968and1999).TheHandmaid'sTalewononly oneaward.

3 QGRAPH semantics

We now presenta completeformal semanticsfor thematchportionof theQGRAPH languagein �rst orderlogic with
two sorts: objectsandlinks. Having a formal semanticsis essentialfor QGRAPH to be understoodconsistentlyby
a wide variety of users. The diagramsof QGRAPH andother visual languagesseemintuitive, but differentusers
might have divergentintuitionsandinterpretthesamediagramin differentways. Theformal semanticsof QGRAPH

establishestheauthoritative interpretationfor eachquery.
We usea two-sortedlogic: 243�56387 areobjectvariables;9:3�;<3>= arelink variables.A queryhas
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subqueries.

Edgesthatcrossasubqueryboundaryareconsideredpartof thesubquery. Theseedgesmustbeannotatedbecausethe
subqueryis annotated.

Higher-ordersemanticsis the mostnaturalway to representthe meaningof a QGRAPH query. Subqueriesare
de�ned inductively andthemeaningof a subqueryis thesameasif it werea queryall by itself. However, theanswer
to a QGRAPH queryis a setof graphs,so therealsemanticsof QGRAPH is simply the �attening of thehigher-order
semantics. dfe standsfor higher-ordersemanticsand dhg for �at semantics.Here“�atten” replaceseachsubquery,

dfeZ�Rikjl� , recursively with the sets inmkoZp
H

3A�B�A�C3>iqmkoZp r

o

3A�A�B�C38ifs/oZp
H
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[

o
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e
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j
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;
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Thesemanticsof a QGRAPH queryis de�ned inductively asfollows:

1 Add unannotatedvertex 2 : Add 2 to theresulttuple,andreplace~ by ~6$‡†Zmˆ�R2�� . †�mˆ�R2�� is thedefaultcondition,
initially just ‰‹Š/Œ�• .

2 Add annotatedvertex 5

F G•JKJ L•N

: Add if{ to theresulttuple,andreplace~ by ~�$Ž�R•u� �T�	� ���\5Ž�A�•~v{@�R5Ž�M� where~v{E�R5Ž�v•

†�{‘�•5‡� . We usethenotation ��•u� ���	� ���/5‡�C�R~
{��•5‡�M� to meanthatthenumberof 5 's suchthat ~v{E�•5Ž� is between� and� .

3 Add directed,unannotatededge9 fromunannotatedvertex 2u’ tounannotatedvertex 2@e : Add 9 to theresult tuple,
andreplace~ by ~“$”†1•‡�w9–�q$“‰Q—��Q˜T�w9:382‘’Q�q$š™x•\—1›Z�•9:3�2@e�� . An undirectededgerequiresa trivial change.If 9 is an
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undirectededgebetweenvertices7 ? and 7lœ (annotatedor not),replace‰Q—‚�‹˜T�w9:3>7 ? �B$c™x•\—1›Z�•9:387lœ/� by �T�•‰Q—‚�Q˜M�•9:387 ? �A$

™Z•/—1›„�w9:3>7lœB�M�f•ž�R‰Q—‚�‹˜T�w9:3>7lœB�q$š™Z•/—1›„�w9:3>7 ? �M�T� throughoutthesemantics.Everythingwe write hereafterfor directed
edgesappliesequallyto undirectededges.

4 Add directed,annotatededge;

F W/JKJ XKN

from unannotatedvertex 2�’ to unannotatedvertex 2ue : Add iqs to the result
tuple,andreplace~ by ~š$–�R•u� Ÿ„���K˜I�\; �C�R~vs@�•;Ž�T� where~
sE�R;Ž�<•¡†1s��•;Ž�q$“‰Q—��Q˜T�•;<3�2‘’Q�q$š™Z•/—1›„�•;<3�2@e�� .

5 Add directed,annotatededge;

F W/JKJ XKN

from unannotatedvertex 2 to annotatedvertex 5 : Add ihs to theresulttuple,
replace~
{ by ~
{¢$£��•u� Ÿ����K˜I�\; �C�•†1s��•;‡�v$–‰Q—��Q˜T�•;<3�2��<$–™Z•\—1›Z�R;v385Ž�M� , and let ~
s��•;‡�‡•¤�R•�5‡�C�•~
{@�•5‡�v$ž†1s��•;‡�v$

‰Q—‚�Q˜M�•;<3�2@�q$š™x•\—1›„�•;<3�5Ž�T� . Theoccurrenceof ~
{��•5‡� in thesecondformularefersto thenew ~v{ . (If ; is from 5 to
2 thenjustswitch ‰Q—‚�Q˜ and ™Z•/—1› in theabove.)

6 Replaceany condition †�¥ by †1¦

¥

: Justreplace†1¥ throughoutsemanticsby †�¦

¥

.

Constraintsbetweentwo annotatedverticesor two annotatededgesareillegal in QGRAPH. In general,aconstraint
caninvolve at mostoneannotatedvertex or annotatededge.However, a constraintcanmentionanannotatedvertex
andanadjacentannotatededge.This is theonly form of constraintthatinvolvesmorethanoneannotatedelement.

7 Add constraint§ thatdoesnot referto any annotatededgeor vertex: Replace~ by ~“$”§ .

8 Add constraint§ thatdependsonannotatedvertex B andnoannotatededge:Replace†„{ by †�{¨$”§ .

9 Add constraint§ thatdependson annotatededgeY (andperhapson adjacentannotatedvertex B): Replace†
s by

†
s

$”§ .

10 Add subquery
]

F ^�JKJ _\N

: Add iqj to theresulttuple,andreplace~ by

~š$–�R•u� ©ª�	� ���

y
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?
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«
D

o<3T9Vjv«
?

�A�A�B3T9Vj
«
U

o aretheunannotatedverticesandedgeswithin thesubquery
]

.

11 Union of queries:If two queries(or subqueries)have thesameunannotatedverticesandedges,i.e.,
]

? and
]

œ
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If the sameannotatedvertex or edge,say 5 , occursin both
]

? and
]

œ , thenthe new ~v{ would be �•~
?

$–~
{
H

�T•

�•~ƒœ<$“~
{
¬

� .

The example in Figure 16 illustratesthe semanticsof a simple query with a constraint. †„m , †1{ and †�s are
conditionson 2 , 5 , and ; , respectively. Theconstraint§ involvesbothverticesandtheedge.

dfeZ�

]
t

�v�

�zy

2438iq{c38iqsˆ|ˆ}/~+�•2@�83�if{­�

�

5”} ~ƒ{E�•5‡�T�‚3�iqs­�

�

;S} ~ƒs��•;‡�T���

where~+�•2��l�®†
m

�•2@�q$–�R•u� ����� ���/5Ž�A�•~
{

�•5Ž�T�

~
{

�•5Ž�ˆ�¡†
{

�R5Ž�q$–�R•u� Ÿ„�	� ˜w�/; �A�w†
s

�R;Ž�q$S§x�R2a3�563�;¯�k$“‰Q—��Q˜T�•;<3�2��k$š™Z•\—‚›„�•;<3�5‡�M�

~
s

�•;‡�v�°��•�5Ž�A�•~
{

�R5Ž�q$”†
s

�R;Ž�k$”§x�R2a3�563�;¯�k$“‰Q—��Q˜T�•;<3�2��k$š™Z•\—‚›„�•;<3�5‡�M�

A B
Y

[i..j]

[k..l]

r A r Y

r B

q

Figure16: Simplequerywith constraint§ involving A, Y, andB

10



B
Z

[i..j]

[o..p]

r C r Z

r B

A C
Y

[m..n]

[k..l]

r A r Y

Figure17: Querywith subquery

Theexamplein Figure17 illustratesthesemanticsof asubquery.
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t

�•2@�<�®†�ml�•2��n$ª��•u� ©ž�	� ����7a�C�•~ƒj@�R7a�T�

~hjE�R7a�<�#†‚²E�R7a�q$–�R•u� ����� ���/5‡�C�•~
{��•5‡�M�q$–�R•u� Ÿ„�	� ˜w�/; �A�•~
s@�•;‡�M�

~
{E�R5Ž�v�#†1{E�•5‡�q$–�R•u� ³‚��� ´z��=E�A�w†�±ˆ�‹=E�f$S‰Q—‚�Q˜M�‹=+3>7a�q$”™Z•\—1›Z�‹=+385Ž�M�

~
s��•;Ž�v�#†�s‘�•;‡�q$”‰Q—��Q˜T�•;<3�2��k$š™Z•\—‚›„�•;<387a�

~
±l��=��v�µ�R•�5‡�C�•~
{@�•5‡�q$”†1±ˆ��=��q$”‰Q—‚�‹˜T��=c387a�k$š™Z•/—1›„��=c3�5‡�M�

4 The expressivepower of QGRAPH

In this sectionwe characterizetheexpressive power of QGRAPH asthesubsetof FO(COUNT)in which queriesare
restrictedto localneighborhoods,i.e.,having aboundeddiameter, andnumbersarenotquanti�ed, i.e., theonly quan-
ti�ers areof theform “ •k� �T�	� ���I¶ ” for constants� , � . RecallthatthelanguageFO(COUNT)consistsof �rst-order logic,
pluscountingquanti�ers: ��•1�1¶Z�•~+�R¶Z� meansthat thereexist at least � distinctelements¶ suchthat ~+�•¶„� . Here � is a
numberconstantor variable.In FO(COUNT)it is alsopermissibleto counttuplesof elements,e.g., �R•1�

y

¶q3T·z|M�M~+�•¶k3�·z�

meansthat thereexist at least � distinct pairs
y

¶k3�·�| suchthat ~+�•¶q3T·z� . In the presenceof ordering,FO(COUNT)
capturesthecomplexity classThC

t

consistingof boundeddepth,polynomial-sizethresholdcircuits[Imm].

Proposition4.1 Theexpressivepowerof QGRAPH is the subsetof FO(COUNT)in which queriesare restrictedto
local neighborhoodsandthereare nonumbervariables.

Proof: Recallthatwe have de�ned themeaningof a QGRAPH queryto bea setof tuples
y

2 ?�3A�B�A�C382ED13�96?\3A�B�A�C3�9¯D‚3

i
{

H
3A�A�B�C38i

{

P
38i

s

H
3B�A�A�B38i

s

[
| of unannotatedobjectsandlinks togetherwith setsof annotatedobjectsandlinks. We

will show that the formula expressingthe tuple of unannotatedobjectsandthe formulasexpressingmembershipin
thesetsof annotatedobjectsareall expressiblein thespeci�edsubsetof FO(COUNT).Conversely, we will show that
everyappropriateformulain FO(COUNT)is themeaning~vj of a queryin QGRAPH.

In Section3 we have written the formal semanticsof QGRAPH in this subsetof FO(COUNT). Note that the
locality propertycomesfrom the requirementof QGRAPH that all queriesconsistof a connectedgraph,even when
thoseverticesandedgeswhoseannotationincludes0 in therangearedeleted.

Wenext show thatany suchformulaof FO(COUNT)is expressiblein QGRAPH. Firstsupposethat ~ is aquanti�er-
free,local query. We canthuswrite ~ in disjunctivenormalform, whereeachclauserepresentsa connectedrelation-
ship betweenits verticesand edges. Thus, eachsuchclausecan be representedby a QGRAPH query. Thus ~ is
representedby theunionof thesequeries.

Supposeinductively that the local FO(COUNT) formula ¸ is representedby a QGRAPH query,
]

. Let ~¹�

�R•q� ���	� ���I2��•~ . Then ~ is representedby the following modi�cation of
]

: draw a new subquerybox around 2 , and
annotateit with “ � ���	� ��� ”. Thenew subquerybox shouldincludeall annotatedverticesthatareadjacentto 2 aswell as
all subqueriesthat containa vertex adjacentto 2 . Thusit follows by inductionthatevery appropriateFO(COUNT)
queryis expressiblein QGRAPH.
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It is interestingto notethat a QGRAPH querythat hasno subquerieshasdepthof nestingof quanti�ers at most
two, correspondingto theexistenceof an annotatedvertex, 5 , andwithin thatanannotatededge,; . Theonly way
to write querieswith a greaterdepthof quanti�cation is by nestingsubqueries.For this reason,a relatively simple
lookingquerytendsto berelatively simpleto evaluate.We next discusstheevaluationof QGRAPH queries.

5 Evaluation of QGRAPH queries

It is relatively straight-forwardto evaluatea QGRAPH query,
]

, usingthesemanticsthatwe describedin Section3.
We startby choosinganunannotatedvertex 2 . We �nd all theobjectsin thedatabasethatmatch 2 . We next choose
someunannotatededge,9 , adjacentto 2 , andtheotheradjacentvertex 2a¦ . For eachobjectin our currentmatchfor

2 , we follow its adjacency list to �nd all links satisfying † • that arealsoadjacentto an objectsatisfying † m�º . We
continuein this wayuntil all tuplesof unannotatedverticesandedgeshave their potentialmatches.

Next, for eachedge, ; , with annotation� ����� ��� , adjacentto an unannotatedvertex, 2 , andanothervertex 7 , we
collectthesetof links satisfying†zs whoseotherendpointssatisfy †�² . Theseshouldbemaintainedin a B-tree,sorted
by thepair of endpoints,with thecurrentcountof suchlinks for eachpairof endpoints.If any of thesecountsareless
thanthelowerlimit � , thentheassociatedlinks areremoved.After all remaininglinks andconstraintsfor theendpoints
havebeenevaluated,thoselinks with countsgreaterthan � arealsoremoved.

Edgesfrom 2 into a subquery,
]

W , areevaluatedin a similar way, with a B-treemaintainingthe countsof the
tuplesof unannotatedobjectsin

]

W , for eachtupleof annotatedverticesincluding 2 thathaveedgesinto
]

W .
In futurework, we planto maintainstatisticalinformationconcerningour database.We will usethis information

to automaticallyestimatethesizeof QGRAPH queries,andreportthesesizesto theuser. We will make useof these
estimatesto decidein whichorderto evaluatethequeries.
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