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Abstract

Relational data is equivalent to non-relational struc-
tured data. It is this equivalence which permits
probabilistic models of relational data. Learning
of probabilistic models for relational data is possi-
ble because one item of structured data is generally
equivalent to many related data items. Succession
and inclusion are two relations that have been well
explored in the statistical literature. A description
of the relevant statistical approaches is given. The
representation of relational data via Bayesian nets
is examined, and compared with PRMs. The pa-
per ends with some cursory remarks on structured
objects.

1 Learning from iid samples
Recall from[Cussens, 2000], the well-known correspondence
between the mathematical abstractions used in statistics and
the real world. This correspondence is given diagrammati-
cally in Figure 1. This view sees Nature as a machine which
probabilistically spits out data in response to questions (in-
puts) that we give it. In some cases (e.g. clustering, density
estimation) the independent variables do not play an impor-
tant role—the machine does not require any input to produce
an output. This probabilistic machine has many names in the
literature, it is Hacking’s “chance set-up”[Hacking, 1965]
and Popper’s “generating conditions”[Popper, 1983].

This probabilistic machine is often taken to produce output
by selecting its output from some population of possible out-
puts. Such a reconceptualisation is sometimes strained: “But
only excessive metaphor makes outcomes of every chance
set-up into samples from an hypothetical population”[Hack-
ing, 1965, p. 25]. But it is pretty much hard-coded into the
standard Kolmogorovian formalisation of probability. Kol-
mogorov’s axiomatisation defines a probabilistic model to be
a probability space(Ω,F , P ). HereΩ is the population, and
outputs (actually subsets ofΩ in F) are chosen according to
P .

In standard approaches to statistical inference (or ‘learn-
ing’; the terms will be used interchangeably in this paper)
we assume that the observed data is composed ofindepen-
dent and identically distributed (iid)items sampled fromΩ.
The homogeneity of such data permits estimation ofP . To
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Figure 1: Statistical Inference

continue the metaphor of the machine, which will be used
throughout, we assume that: each datum is generated by one
run of the machine, the same machine is used for each da-
tum, and previous outputs of the machine do not affect how
it operates on future runs. The iid assumption often permits
accurate estimation of parameters from data, and sometimes
both parametersand the structure of the model/machine.

2 Relational learning

In many cases we are presented with data where the iid as-
sumption is invalid. In such situations, let us say that we are
faced with arelational learningproblem, on the grounds that
the items of data will be related in some way. What is per-
haps new in current AI research in this area is that this issue
is being approached in ageneralway: formalisms—often re-
lated to first-order logic—are being created where data items
may be related in an arbitrary manner. However, there ex-
ists valuable work in the statistical literature which focuses
on particular relationships between data. In Sections 2.1 and
2.2 we examine two specific relations: respectively, that of
succession and the “isa” relation which forms the basis of hi-
erarchical models.



2.1 Succession
Time-series analysis is a venerable form of relational learn-
ing with a large literature. It is often applied to financial
data where, say, the price of pork bellies today (let’s call it
Xi) is not independent of its price yesterday (Xi−1). So, al-
thoughXi andXi−1 may be identically distributed they will
not be independent, hence the data is not iid. Returning to the
metaphor of the machine: we have the same machine each
time, but the output of the last run forms part of the input of
the next run.

Given that the convenient iid assumption is lacking how
is learning possible? To answer this it is useful to make a
quick detour into the mathematical formalism. A time-series
is modelled as astochastic processwhich is defined “as a
family of random variables{Xi, i ∈ I} defined on some
probability space(Ω,F , P )” [Brockwell and Davis, 1991, p.
8]. The index setI may be discrete (as in the case of daily
commodity prices) or continuous.

In learning, our goal is to estimate the underlying proba-
bilistic model from data. Since here this model is a stochastic
process it looks as if each data point must be a realisation
of the stochastic process, i.e. each data point is to be a joint
instantiation of all the{Xi, i ∈ I}. By running this sequence-
generating probabilistic machine many times over we could
get an iid sample each element of which is a joint instantia-
tion. Unfortunately, in general, the machine is run just once.
We will only get one such data point—since we cannot re-
peatedly rewind history and observe, say, the price of pork
bellies on 24th Jan 1999 many times over.

But learning is still possible if we assume the joint distribu-
tion of the{Xi, i ∈ I} is structured. Take the simplest AR(1)
model (AR(1) is also known as a Markov process):

∀i : Xi ∼ αXi−1 + εi

where theεi are iid. Now the observation of eachXi be-
comes a data point and contributes towards the estimation of
α. The point is that there is arepetitivestructure. It is the
same (unknown)α for all Xi. There are two further things
to note here. Firstly, individuals (for example days) are not
explicitly represented; only attributes of individuals, such as
the price of pork bellies on that day. These attributes (the
{Xi}) are directly connected without any intervening individ-
uals of which they are the attributes. Secondly, this descrip-
tion requires quantification over random variables, without
time-series analysts requiring a new ‘first-order’ probabilistic
formalism.

2.2 Hierarchy
Sequence data is not the only case where iid assumptions
break down. Consider the following situation (where “an as-
sumption of exchangeability” is essentially an iid assumption,
and for “covariate” read “attribute”):

. . . in studying scholastic achievement we may
have information about individual students (for ex-
ample, family background), class-level information
(characteristics of the teacher), and also informa-
tion about the school (educational policy, type of
neighborhood). . . . With covariates defined at mul-
tiple levels, the assumption of exchangeability of

units or subjects at the lowest level breaks down,
even after conditioning on covariate information.
The simplest extension from a classical regression
specification is to introduce as covariates a set of in-
dicator variables for each of the higher-level units
in the data—that is, for the classes in the edu-
cational example . . . But this will in general dra-
matically increase the number of parameters in the
model . . .[Gelmanet al., 1995, p. 366]

Here it is not good enough to produce a regression model
(probabilistically) mapping information specific to an indi-
vidual to scholastic achievement for that individual. We also
have (in ILP speak) background knowledge which is not spe-
cific to individuals. Each student is a member of a particular
class, each class is contained within a particular school and
each school is in a particular neighbourhood. Each of these
levels in this hierarchical setup will have attributes which will
affect the student’s scholastic achievement.

Prefiguring a little the discussion of PRMs in Section 2.4,
we can imagine a relational database system with tables for
Student, Class, School andNeighbourhood. Each of these
tables will have fields for information specific to objects of
that class, so-called “descriptive attributes”[Getoor et al.,
2001]. Following [Neville et al., 2003], we will call these
intrinsic attributes. There will also be fields for “foreign
keys” which contain the names of related objects from dif-
ferent classes. For example,Student might have fields for
attendance and age as well as a foreign key field naming the
class that each student is in.

The salient relationship in this case is that of inclusion or
membership: each student is a member of a class, etc. Note
also that students in the same class are related to each other
simply by being members of the same class. Students in the
same school or neighbourhood are also related, but presum-
ably these relationships are weaker.

The option of representing all this information in a man-
ner identical to that for individual-specific information is re-
jected. This rejected option corresponds to ‘propositionalisa-
tion’ to use ILP speak again. It will increase the number of
parameters because it will increase the length of the covariate
vector considerably. The same “exploding attribute-space”
phenomenon tends to occur when ILP learning scenarios are
propositionalised. An appropriate probabilistic model is a hi-
erarchical one to reflect the hierarchical nature of the data:

. . . sensible estimation of these [the parameters
in the model] is only possible through further mod-
eling, in the form of a population distribution. The
latter may itself take a simple exchangeable or iid
form, but it may also be reasonable to consider a
further regression model at this second level to al-
low for the effects of covariates defined at this level.
In principle there is no limit to the number of lev-
els of variation that can be handled in this way.
Bayesian methods provide ready guidance on han-
dling the estimation of unknown parameters,[Gel-
manet al., 1995, p. 366]

To make the connection between hierarchical modelling
and Bayesian computation more concrete, we will consider



a particular example using the BUGS[Spiegelhalteret al.,
1996] system.

2.3 Bayesian nets for hierarchical models
Consider the followinglitters probabilistic model taken
from [Spiegelhalteret al., 1996]. We consider survival rates
in two sets of pigs. Each set of pigs contains 16 litters.
“We would like to assume that the survival rates in the litters
within each set are similar, but not identical.”[Spiegelhalter
et al., 1996]. In other words, we assume that there are phe-
nomena at the level of sets which affect survival rates. One
could imagine, for example, that the two sets of litters come
from two different farms. This is clearly a hierarchical set-up,
but it also implies that within each set, the individual sows are
related in some way.

Suppose we want to compute the probability that a piglet,
born to some particular sow, will survive. If we have observed
survival rates for the litters of other sows in the same set,
this should effect the value of the probability we are trying to
compute. How can this be done?

Here is the approach given in[Spiegelhalteret al., 1996].
Let theith (1 ≤ i ≤ 16) sow in thejth (1 ≤ j ≤ 2) set be
calledsowij . For each sowsowij we wish to computepij

the probability that a piglet of hers will survive. Clearly, the
number of piglets born so far (nij) and the number of those
that have died (rij) for sowij are pertinent intrinsic attributes.

“The simplest conjugate model is to assume the observed
number of deathsrij in litter i of group [set]j is binomial
with sample sizenij and true ratepij , and then assume the
true rates are drawn from a beta distribution with unknown
parameters.”[Spiegelhalteret al., 1996] The crucial point is
that these parametersaj andbj are common for all sows in
setj. This probabilistic model is represented as the Bayesian
net given in Figure 2. Note the use of ‘plate’ notation in or-
der to compress the representation. The square box around
nij indicates thatnij is always assumed instantiated so no
distribution need be defined for it. The corresponding BUGS
language source code is given in Figure 3.

litter i

set j

n_ij

a_j b_j

p_ij

r_ij

Figure 2: Bayesian net representing a hierarchical model
[Spiegelhalteret al., 1996]

for (j in 1:2) {
for (i in 1:16) {

r[i,j] ˜ dbin(p[i,j],n[i,j]);
p[i,j] ˜ dbeta(a[j],b[j]);

}
a[j] ˜ dgamma(1,.001);
b[j] ˜ dgamma(1,.001);

}

Figure 3: BUGS language representation of the Bayesian net
given in Figure 2[Spiegelhalteret al., 1996]

What is interesting here is that

1. no individuals are explicity represented in the model,
only attributes of individuals;

2. consequently, relationships between individuals (such as
might be represented by a foreign key relationship) can
not be explicitly represented, so the membership rela-
tionship between a sow and her set is not represented
nor is the derived relationship between sows in a given
set;

3. the individual sows in setj are related via a very abstract
quantity—the parameter vector(aj , bj)

4. it is essential that the mediating quantity(aj , bj) is unin-
stantiated

The BUGS documentation has many other good examples of
hierarchical models; the current example is one of the simpler
ones.

Returning to our machine metaphor, we can say that since
each litter has its own probability (pij) for piglets’ surviv-
ing, there is a separate machine (specified bypij) for each
litter which ‘tosses a coin’ and decides the fate of each piglet.
However, within each set these machines are related. We
model this by imagining that there is a machine-outputting
machine for each set, specified by(ai, bi), which outputs the
pij machines.

When concocting this probabilistic model it seems incon-
ceivable that the statistician did not have particular individ-
uals (sows, piglets) and classes (litters, sets) in mind. But
by the time we have the probabilistic model all individuals
have been eliminated. They merely have a ghostly presence
in the indices of the random variables. It would be useful if
we could find a way of formalising this elimination. To ex-
plore this question we now turn to a probabilistic formalism
where individualsareexplicity represented.

2.4 Probabilistic relational models
The ingredients of PRMs[Getooret al., 2001] are as follows.
First considerrelational schemas. A relational schema spec-
ifies a set of classesX = X1, . . . , Xn. With each classXi

there is associated a set ofdescriptive attributes(i.e. attributes
which individuals in that class can have) andreference slots
these are ‘attributes’ whose values are the names of individu-
als in other classes related to individuals in this class. Anin-
stanceof a schema defines (i) a set of individuals partitioned
between the classesX and (ii) and values for all attributes



(real ones and instantiations of reference slots) of all individ-
uals. Arelational skeletonis a partial definition of an instance
where only the individuals and the relations are given—the
descriptive attributes are left uninstantiated. A PRM specifies
a conditional probability distribution over the values of each
descriptive attribute, so that given a relational schema, the
PRM defines a distribution overcompletionsof the skeleton.
A completion of a skeleton is an instance of the schema.

PRMs are a relational ‘upgrade’ of Bayesian networks.
Given that in Section 2.3 we have argued that at least some
relational learning problems can be represented using plain
old Bayesian networks, we need to examine the claimed dif-
ferences between PRMs and Bayesian networks:

However, there are two primary differences be-
tween PRMs and Bayesian networks. First, a PRM
defines the dependency model at the class level, al-
lowing it to be used for any object in the class. In
a sense, the class dependency model is universally
quantified and instantiated for every element in the
class domain. Second, the PRM explicitly uses the
relational structure of the model, in that it allows
the probabilistic model of an attribute to depend
also on attributes of related objects. The specific
set of related objects can vary with the skeleton
σ; the PRM specifies the dependency in a generic
enough way that it can apply to an arbitrary struc-
ture. [Getooret al., 2001]

The first difference is inessential from a mathematical point
of view, despite being important for practical model-building.
We have seen that grouping together random variables asso-
ciated with objects of the same class (graphically via the plate
notation, or in the BUGS language usingfor ) achieves the
same effect. In reply one could argue that using the BUGS
language is a move beyond ‘plain old Bayesian nets’ since it
explicitly uses the quantification alluded to by[Getooret al.,
2001].

The second difference is more fundamental in that a PRM
holds off from giving enough information to construct an
equivalent Bayesian net—the missing information is con-
tained in the skeletonσ. The BUGS analogue is a partially
specified Bayesian net, where, for example, the actual num-
bers of sows and piglets are yet to be determined.

Learning in PRMs assumes the data is one single structured
datum:

Our training data consists of a fully defined in-
stance of that schema. We assume that this in-
stance is given in the form of a relational database.
[Getooret al., 2001]

So, as with time-series, the data is a single instance drawn
from the underlying distribution. It is only because this in-
stance is highly structured and hence composed of many re-
lated ‘instances’ that there is enough information to do pa-
rameter estimation, or possibly even model structure learn-
ing.

2.5 Eliminating and introducing individuals
It would be interesting to see whether there is an algorithm
which eliminates the individuals in a PRM with a given skele-

tonσ thus rendering a Bayesian net (with repetitive structure)
containing only “descriptive attributes”. It would be even
more interesting to determine the advantages and disadvan-
tages of such a ‘compilation’.

None of this is attempted here. Instead we just
give one example of moving in the opposite direc-
tion. In Figure 4, we give a RDB presentation of
the litters example. Adding the CPTs (extractable
from Figure 3) forP (Piglet.Lives|Piglet.Mother.Health),
P (Sow.Health|Sow.Set), P (Set.A) andP (Set.B) gives us
a PRM with a given skeleton.

Piglet
Name Lives Mother
pinky ? mary
perky ? mary

squeaky ? susy
quirky ? susy

. . . . . . . . .

Sow
Name Health Set
mary ? 1
susy ? 1
anny ? 2
. . . . . . . . .

Set
Name A B

1 ? ?
2 ? ?

Figure 4: Relational database representation of the BUGS
litters scenario

Comparing Figure 4 with Figures 2 and 3 the with-
individuals RDB approach of PRMs seems to me to have two
main advantages. Firstly, the world simply does contain in-
dividuals of various classes, and consequently this is how we
conceptualise it. On this count Figure 4 is the more perspic-
uous to a human modeller. Secondly, and for related reasons,
RDBsare where the real-world data is, so for entirely prac-
tical reasons a probabilistic model that can be bolted on to a
RDB has a lot going for it. The advantage of the BUGS ap-
proach is that by eliminating the individuals we have gained
some simplicity, or at least compactness. On a practical point
the BUGS MCMC-based software is also quite well devel-
oped. All these observations indicate that ‘compiling’ PRMs
to structured Bayesian nets may have much to recommend it.

3 Structured objects versus systems of objects

The slogan of this paper has been that relational data is equiv-
alent to non-relational structured data. However, in the ex-
amples given the structured ‘data’ is a single big data-point:
an entire sequence, an entire hierarchy or an entire relational
database (or at least completion thereof). A less extreme kind
of structured data is data composed of a number of struc-
tured objects. In place of a conclusion, in this final section
we briefly consider the representation of structured objects
and connections to relational data. A thorough examination
of these issues and their consequences for relational learning
we leave for future work.

Consider RDBs. An RDB is a system of related atomistic
objects where each individual object is ‘flat’. It has its own
intrinsic attributes and its foreign keys name related objects.
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Figure 5: Lexical entry for the word “she”[Pollard and Sag,
1994, p. 17]

In logic programming terms RDBs are ground Datalog pro-
grams. However, one could argue that a putatively atomistic
object (saya) with relations to other atomistic objects (sayb
andc) in fact has a structure such thatb andc are in fact ‘con-
stituents’ ofa. If so, it follows that it is more perspicuous to
representa asf(b, c) wheref represents howb andc consti-
tutea. Here, the information abouta has been packed into a
first-order term so that a mere identifier (a) has been replaced
by something more like a description. The trade-offs between
these two forms of representation have long been discussed in
the ILP literature. For example Rouveirol[Rouveirol, 1994]
shows how to ‘flatten’ structure representations.

An extreme example of this sort of packing occurs in lex-
icalised approaches to natural language grammar such as
Head-Driven Phrase Structure (HPSG). In a lexicalised gram-
mar nearly all grammatical information is represented at the
word level on the grounds that words are information-rich,
and should be represented as such. HPSG grammars present
linguistic objects as feature-structures which are very highly
structured objects. For example, Figure 5 gives a (slightly
cut-down) HPSG lexical entry for the word “she”[Pollard
and Sag, 1994, p. 17].

Here each node is labelled with asort and the arcs corre-
spond to features which those sorts have. Some sorts (such as
nom) do not have features; they are called atoms. It is clear
how a feature-structure could be converted to an equivalent
RDB/Datalog program (in fact, this is more or less done in
[Pollard and Sag, 1994]). Each arc going to a non-atom sort
represents a foreign key relation; those going to atoms rep-
resent intrinsic attributes. The interesting thing here is that
there is no clear distinction drawn between individuals and
attributes: they are all sorts. Analogously, reference slots and
descriptive attributes are all fields.
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