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additional attention should be paid to identifying and using relational autocorrelation
to improve the predictive accuracy of relational models. This paper is part of a larger
study of the effects of linkage and autocorrelation on relational learning. A related
paper (Jensen and Neville 2002) shows how linkage and autocorrelation affect feature
selection in relational learning.

Statistical Analysis of Relational Data
Recent research in relational learning has focused on learning statistical models,
including work on stochastic logic programming (Muggleton 2000), probabilistic
relational models (Getoor et al. 1999), and relational Bayesian classifiers (Flach and
Lachiche 1999). However, with the greater expressive power of relational
representations come new statistical challenges. Much of the work on relational
learning diverges sharply from traditional learning algorithms that assume data
instances are statistically independent. The assumption of independence is among the
most enduring and deeply buried assumptions of machine learning methods, but this
assumption is contradicted by many relational data sets.
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! "#$%&$! " #$%&'(  relational data sets (a) five independent instances and (b) five dependent
instances.

For example, consider the two simple relational data sets shown in Figure 1. In
each set, instances for learning consist of subgraphs containing a unique object ! , an
object " , and one or more other objects. Objects !  contain a class label and objects "
contain an attribute that will be used to predict the class label of ! . Figure 1a shows a
data set where objects !  and "  have a one-to-one relationship and where the class
labels on instances are independent. Figure 1b shows instances where objects !  and "
have a many-to-one relationship and where the class labels are dependent.
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of objects !  may fall into both the training and test set, creating some type of
dependence between the training and test sets.

! " #$%&'( )*#+,#-*. /#0*/#12&.

Given that instances in relational data may share some objects, and thus not be
independent, we should examine how such relational structure could affect accuracy
estimates made using training and test sets. Below we show how relational structure
and dependence among values of the class label can bias estimates of the accuracy of
induced models.

We created data sets about movies and analyzed them using FOIL (Quinlan 1990).
Specifically, we created and analyzed simple relational data sets whose relational
structure was drawn from the Internet Movie Database (www.imdb.com). We
gathered a sample of all movies in the database released in the United States between
1996 and 2001 for which we could obtain information on box office receipts. In
addition to 1382 movies, the data set also contains objects representing actors,
directors, producers, and studios.1 In all, the data set contains more than 40,000
objects and almost 70,000 links. The data schema is shown in Figure 2.

MovieActor Director

ProducerStudio

ActedIn Directed

ProducedMade

3245#65 A general data schema for the movie data sets.

For most of the experiments reported in this paper, we limited analysis to just two
classes of objects — movies and studios. This allowed us to greatly reduce the overall
size of training and test sets, thus making them feasible to analyze using FOIL. This
also focused the experiments on precisely the phenomena we wished to study, as
discussed below. Details about the data representation are given in the appendix.

We created a learning task using an attribute on movies — opening-weekend box
office receipts. We discretized the attribute so that a positive value indicates a movie
with more than $2 million in opening weekend receipts (" #$%&' () *+, , ). We call this
discretized attribute #- . - /" 01 and use it as a binary class label. We also created ten
random attributes on studios. The values of these attributes were randomly drawn
from a uniform distribution of five values, and thus were independent of the class
label. Figure 3 shows the schema with movies, studios, and their attributes.

We used simple random partitioning to create (approximately) equal-sized training
and test sets. This divides our sample of 1382 movies in two subsamples, each
containing approximately 690 movies and their affiliated studios. Each movie appears
in only one sample. Each affiliated studio might appear in one or both subsamples,
                                                            
1 Each of the movies is related to one primary studio. For movies with more than one
associated studio, we chose the U.S. studio with highest degree to be the primary, for movies
without any U.S. studios we chose the studio of highest degree to be the primary.
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%, , " #%, ( <$@. $+. 7*&. $, 2&, . &-#%-. +$'*&1%5. $%&+$#. '%-*2&%'$%" -2, 2##. '%-*2&$72#8 %' ' (
0. '23 <$A&72#8 %' ' ( ;$, 2&, . &-#%-. +$'*&1%5. $2, , " #)$3 / . &$8 %&( $20B. , -)$%#. $'*&1. +$-2$%
, 28 8 2&$&. *5/ 02#;$%&+$#. '%-*2&%'$%" -2, 2##. '%-*2&$2, , " #)$3 / . &$-/ . $>%'" . )$27$%$5*>. &
%--#*0" -. $%#. $/ *5/ '( $" &*72#8 $%8 2&5$20B. , -)$-/ %-$)/ %#. $%$, 28 8 2&$&. *5/ 02#<$! >. #7*--*&5
*)$7%8 *'*%#$-2$8 %, / *&. $'. %#&*&5$#. ). %#, / . #)$%)$-/ . $, 2&)-#" , -*2&$27$, 28 9'. ?$8 2+. ')$-/ %-
*+. &-*7( $" &*C" . $, / %#%, -. #*)-*, )$27$-/ . $-#%*&*&5$). -$#%-/ . #$-/ %&$)-%-*)-*, %'$5. &. #%'*D%-*2&)
9#. ). &-$*&$-/. $929"'%-*2&$27$%''$+%-%<

E " , / $27$-/ . $-. ?-$27$-/ *)$). , -*2&$*)$+#%3 &$7#28 $%&$. %#'*. #$9%9. #$FG. &). &$H$I . >*' ' .
JKKJL<$M23 . >. #;$-/ . $+. 7*&*-*2&)$%#. $)2$, . &-#%'$-2$" &+. #)-%&+*&5$-/ . $. ?9. #*8 . &-)$*&
'%-. #$). , -*2&)$-/%-$3. $9#. ). &-$-/* )$8%-. #*%'$%5%*&$#%-/. #$-/%&$%--. 8 9-*&5$-2$)"8 8 %#*D. <

5 -# . ' #,/ %,' 1)! "#$%&'

@. $+. 7*&. $, 2&, . &-#%-. +$'*&1%5. $12345467$3 *-/ $#. )9. , -$-2$-/ . $)%8 . $, 2&+*-*2&)$%)
)*8 9'. $#%&+28 $9%#-*2&*&5$: $-3 2$). -)$27$20B. , -)$3$%&+$6$%&+$%$). -$27$9%-/ )$5$)" , / $-/ %-
8294:7<

6 ' 4"#","- #7$; : 3$*)$-/ . $+. 5#. . $27$%&$20B. , -$: $3 *-/ $#. )9. , -$-2$%$). -$27$20B. , -)
3<$N/ %-$*);$-/ . $&" 8 0. #$27$9! 3$)" , / $-/ %-$8294:7! 5<$42#$. ?%8 9'. ;$; : 3$8 *5/ -
8 . %)"#. ;$72#$%$5*>.&$)-"+*2$: ;$-/. $&"80.#$27$82>*. )$F3L$*-$/%)$8%+.< !

6 ' 4"#","- #7 <*#, )$-)*#+' , $$27$3 $3 *-/ $#. )9. , -$-2$6$2, , " #)$*&$%$+%-%$). -
3 /. &.>.#;$72#$%''$9! 3$%&+$: ! 6O

€ 

DxY = ! and DyX ! ! !

A&$-/ . ). $, %). );$8 %&( $20B. , -)$*&$3$F. <5<;$8 2>*. )L$, 2&&. , -$-2$%$)*&5'. $20B. , -$*&$6$F. <5<;$%
)-"+*2L<$@. $"). $)*&5'. $'*&1%5.$%)$%&$*8 92#-%&-$)9. , *%'$,%). $*&$7"-"#. $+*), ") )*2&)<

6 ' 4"#","- #7$N/ . $! " #! $#%&' %$( -)*#+' , $-1294345467-" 0-' #-*#( */ *( . ' )-" =>$! %-9
F. <5<;$%$82>*. L$-/%-$*)$'*&1.+$-2$20B. , -)$6$F)-"+*2)L$>*%$9%-/) $5-*)O

!

"#$
%%
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"###$ ! "

#$!%
&'$ $(

$( )
)

)
"#(!* !

"

#
$ !

-/ . $C" %&-*-( $F; : 3-?@7A; : 3$3 *-/ *&$-/ . $)" 8 8 %-*2&$*)$D. #2$3 / . &$-/ . $; : 3$*)$2&. ;$%&+
%)( 8 9-2-*, %' '( $%99#2%, / . )$2&. $%)$+. 5#. . $5#23 );$%&+$-/ " )$*)$%$#. %)2&%0'. $*&+*, %-2#$27
1294345467;$5*>. &$)*&5' . $'*&1%5. $27$9$3 *-/ $#. )9. , -$-2$6<$P. , %" ). $9$8 %( $0. $'*&1. +$-2
8 " '-*9' . $&2+. )$*&$6;$3 . $+. 7*&. $-/ . $%>. #%5. $%, #2))$%''$&2+. )$: *$'*&1. +$-2$9;$%&+$+*>*+.
0($%&$%++*-*2&%'$7%, -2#$27$; 96$-2$#%-. $)*&5'. $'*&1%5.$82#. $/*5/' ($-/%&$8"' -*9'. $'*&1%5.<



! "#$%$&$' %(!" #$!concentrated linkage L(X,P,Y) of a set of objects X!%$&' &(!) **
+ ,-. $/0!1#)1!)2$!*.34$5!1,!,67$81/ !Y!./9

∑
∈
=
Xx X

YPXxLYPXL ),,,(),,( !

: .- $3!; )21.8<*)2!1=; $/ !, >!*.34) ' $(!L!8)3!6$!8)*8<*)1$5!)3)*=1.8)**=!>2, + !1#$!/<>>.8.$31
/1)1./1.8/ !|X|!)35!|Y|&!?, 2!$@)+ ; *$(!.3!1#$!8) /$!, >!/ .3' *$!*.34) ' $!, >!X!A.1#!2$/ ; $81!1, !Y(
L = (|X|-|Y|)/|X|&!?, 2!$@)+ ; *$(!1#$!5)1) !/$1!/#, A3!.3!?.' <2$!B6!$@#.6.1/ !/ .3' *$!*.34) ' $(
/ , !L(X,P,Y)! C! D&ED&! F2, ; , / .1., 3) *! 5)1) ! ) */ , ! 5./ ; *)=! / .3' *$! *.34) ' $(! )35! 6$8)</$
|X|=|Y|(!L(X,P,Y) = 0&!G)*8<*)1., 3/ ! , >! /$- $2) *!1=; $/ ! , >! *.34) ' $! )2$! /#, A3!>, 2!1#$
+ ,-. $!5)1) !.3!" )6*$!H&

) *+,"-.( -I .34)'$ !.3!1#$!+ ,-. $!5)1)
I .34)'$ !" =;$ J )*<$
L(Movie, Made, Studio) D&KB
L(Movie, Directed, Director) D&HL
L(Movie, Produced, Producer) D&DM
L(Movie, ActedIn, Actor) D&DB

N3! )55.1., 3! 1, ! 1#$! + , - .$! 5)1) (! A$! #) - $! $38, <31$2$5! + )3=! , 1#$2! .3/1)38$/ ! , >
8, 38$312)1$5! *.34) ' $&! ?, 2! $@)+ ; *$(! A#.*$! /1<5=.3' ! 2$*)1., 3/#.; / ! )+ , 3' ! ; <6*.8*=
12)5$5!8, + ; )3.$/ !.3!1#$!6)34.3' !)35!8#$+ .8)*!.35</12.$/ (!A$!>, <35!1#)1!3$)2*=!$- $2=
8, + ; )3=!.3!6, 1#!.35</12.$/ !</$/ !, 3$!, >!, 3*=!/$- $3!5.>>$2$31!)88, <31.3' !>.2+ /&!N3!A, 24
, 3!>2)<5!.3!+ , 6.*$!; #, 3$!3$1A, 24/ (!A$!>, <35!1#)1!MDD!3<+ 6$2/ (!KDD!3<+ 6$2/ (!)35
/ , + $! ; <6*.8! 3<+ 6$2/ ! %$&' &(! KBB0! ; 2, 5<8$5! 8, 38$312)1$5! *.34) ' $! )+ , 3' ! ; #, 3$/&
G, 38$312)1$5!*.34) ' $!./ !) */ , !8, + + , 3!.3!, 1#$2!A.5$*=!)88$/ / .6*$!2$*)1., 3) *!5)1) !/$1/&
?, 2!$@)+ ; *$(!+ )3=!)21.8*$/ !.3!1#$!/8.$31.>.8!*.1$2)1<2$!)2$!; <6*./#$5!.3!/ .3' *$!7, <23)*/
)35!+ )3=!6) / .8!2$/$)28#!)21.8*$/ !)2$!8.1$5!.3!/ .3' *$!2$- .$A!)21.8*$/&!O3!1#$!P $6(!+ )3=
8,31$31!;) '$ / !)2$!*.34$5!1,!/ .3'* $!5.2$81,2=!;) '$ / !,3!/ .1$/ !/<8#!)/ !Q)#,,!) 35!: ,,'* $&

/ '0 0",*&$'%-*%1-23&'4 '0 0",*&$'%

P $!A.**!5$>.3$!2$*)1., 3)*!8, 22$*)1., 3!C(X,f,P,Y,g)!A.1#!2$/ ; $81!1, !1A, !/$1/ !, >!, 67$81/ !X
)35!Y(!1A, !)112.6<1$/ !f!)35!g!, 3!, 67$81/ !.3!X!)35!Y(!2$/ ; $81.- $*=(!)35!) !/$1!, >!; )1#/ !P
1#)1!8,33$81!,67$81/ !.3!X!)35!Y&

! "#$%$&$' %(!Relational correlation C(X,f,P,Y,g)!./ !1#$!8, 22$*)1., 3!6$1A$$3
)**!;) .2/ !(f(x),g(y))!A#$2$!x! X(!y! Y!)35!p(x,y)! P&! !

: .- $3!1#$! ; ) .2/ ! , >! - ) *<$/ !1#)1!1#$/$!$*$+ $31/ !5$>.3$(!12)5.1., 3) *!+ $) /<2$/ ! /<8#! ) /
.3>, 2+ )1., 3! ' ) .3(!8#.R/S<)2$(! )35!F$)2/ , 3T/ !8, 31.3' $38=!8, $>>.8.$31!8)3!6$!</$5!1,
) / /$/ / !1#$!8, 22$*)1., 3!6$1A$$3!- ) *<$/ !, >!1#$!)112.6<1$/ !f!)35!g!, 3!, 67$81/ !8, 33$81$5!6=
;) 1#/!.3!P&!"#$!2)3'$ !,>!C!5$;$35/!,3!1#$!+ $) /<2$!,>!8,22$*)1.,3!</ $5&

P $!8)3!</$!1#$!5$>.3.1., 3!, >!2$*)1., 3)*!8, 22$*)1., 3!C(X,f,P,Y,g)!1, !5$>.3$!2$*)1., 3) *
autocorrelation ) / ! 1#$! 8, 22$*)1., 3! 6$1A$$3! 1#$! / )+ $! )112.6<1$! , 3! 5./1.381! , 67$81/
6$*,3'. 3'!1,!1#$!/)+ $!/$1&



! "#$%$&$'%()! "#$%&'($# )$*%'+ ', , "#$%&'()- .!"#$

! "

! '(" , #,$) ≡ ! (" , #,$, " , #) where # %(&' ,&() $ $ &' ≠ &(
!

%&' !( ) *+ , -( .!- .!/ &0-1!2( !1(3"4(1!5 "67!' (#, ( / 6!6&!+ &8"( !&29( / 6#.!67( !*66' "206( !, "+"&/ %0
&4!+ &8"(#.!*41!, *67#!3&' + (1!2: !6' *8( ' #"4; !1 $2" !-"4<#!67*6!/ &44( / 6!67( !+ &8"(#!6&!*4
"46( ' 8(4"4;!#601"&=

>3!67( !041( ' -: "4; !+ ( *#0' ( !&3!/ &' ' ( -*6"&4!8*' "(#!2(65 ( (4!?( ' &!*41!&4( .!67(4!- .3 4
"41"/ *6(#!67*6!67( !8*-0( !&3!67( !*66' "206( !3&' !*!#, ( / "3"/ !4&1( !5&! "#!*-5 *: #!(@0*-!6&!*--
&67( ' !4&1(#!56!' ( */ 7*2-( !2: !*!, *67!"4!7=!A 7(4!- .3 8.!8*-0(#!&3!9:; <!*' ( !"41( , (41(46=
B*2-( ! C! ; "8(#! (#6"+ *6(#! &3! ' ( -*6"&4*-! *06&/ &' ' ( -*6"&4! 3&' ! + &8"( ! ' ( / ( ", 6#.! -"4<(1
67' &0; 7!#601"&#.!1"' ( / 6&' #.!, ' &10/ ( ' #.!*41!*/ 6&' #=!%&' !*!+ (*#0' ( !&3!/ &' ' ( -*6"&4.!B*2-( !C
0#(#! D( *' #&4E#! / &' ' ( / 6(1! / &46"4; (4/ : ! / &(33"/ "( 46! FG*/ 7#! HI I JK.! *! + ( *#0' ( ! 67*6
, ' &10/ (#!*4!( *#"-: !"46( ' , ' (6(1!8*-0( !2(65 ( (4!?( ' &!*41!&4(=!L 06&/ &' ' ( -*6"&4!"#!3*"' -:
#6' &4;!3&'!*--!&29( / 6!6:,( #!()/ ( ,6!*/ 6&'#=

>4!*11"6"&4!6&!67( !+ &8"( !1*6*.!5 ( !7*8( !(4/ &046( ' (1!+ *4: !&67( ' !( ) *+ , -(#!&3!7"; 7
' ( -*6"&4*-!*06&/ &' ' ( -*6"&4=!%&' !( ) *+ , -( .!"4!&0' !#601: !&3!, 02-"/ -: !6' *1(1!/ &+ , *4"(#.!5 (
3&041!67*6!5 7(4!, ( ' #&4#!#( ' 8(1!*#!&33"/ ( ' #!&' !1"' ( / 6&' #!&3!+ 0-6", -( ! / &+ , *4"(#.!67(
/ &+ , *4"(#!5 ( ' ( !&36(4!"4!67( !#*+ ( !"410#6' : =!G"+ "-*' -: .!"4!2"&-&; "/ *-!1*6*!&4!, ' &6( "4
"46( ' */ 6"&4#!5 ( !*4*-: ?(1!3&' !67( !JMMH!L NO!G>PQRR!N0, !N&+ , (6"6"&4.!67( !, ' &6( "4#
-&/ *6(1! "4! 67( ! #*+ ( ! , -*/ ( ! "4! *! / ( --! F(=; =.! + "6&/ 7&41' "*! &' ! / ( --! 5 *--K! 7*1! 7"; 7-:
*06&/ &' ' ( -*6(1!304/ 6"&4#!F(=; =.!6' *4#/ ' ", 6"&4!&' !/ ( --!; ' &5 67K=!G0/ 7!*06&/ &' ' ( -*6"&4!7*#
2( (4! "1(46"3"(1! "4! &67( ' ! 1&+ *"4#! *#! 5 ( --=! %&' ! ( ) *+ , -( .! 3' *01! "4! + &2"-( ! , 7&4(
4(65 &' <#!7*#!2( (4!3&041!6&!2( !7"; 7-: !*06&/ &' ' ( -*6(1!FN&' 6(#!(6!*-=!JMMHK=!B7( !6&, "/ #
&3!*067&' "6*6"8( !5 (2!, *; (#!*' ( !7"; 7-: !*06&/ &' ' ( -*6(1!5 7(4!-"4<(1!67' &0; 7!1"' ( / 6&' :
, *; (#!67*6!#( ' 8( !*#!S702#S!FQ-( "42( ' ; !HI I I K=!G"+ "-*' -: .!67( !6&, "/ #!&3!*' 6"/ -(#!"4!67(
#/ "(46"3"/ ! -"6( ' *60' ( ! *' ( ! &36(4! 7"; 7-: ! *06&/ &' ' ( -*6(1! 5 7(4! -"4<(1! 67' &0; 7! ' ( 8"(5
*' 6"/ -(#=

* +, -").( )L 06&/&'' ( -*6"&4!"4!67(!+ &8"( !1*6*
L 06&/&'' ( -*6"&4!B:,( T*-0(
- .:1 '= &">!"+"&/%0>1$2"?@%*2&'?1 $2"< M=UV
- .:1 '= &">!"+"&/%0>A&,"+%"2?A&,"+%', ?A&,"+%"2< M=WX
- .:1 '= &">!"+"&/%0>7, '2*+ "2?7, '2*+ ",?7, '2*+ "2< M=UH
- .:1 '= &">!"+"&/%0>B+%"2C(?B+%', ?B+%"2C(< M=HV
D'%"EB7( !4&6*6"&4!$?5?F!6&!1(4&6( !, *67#!5 "67!-"4<#!&3!6: , ( !$

*41!F!*41!"46( ' 8(4"4;!&29( / 6#!&3!6:,( !5=

A ( ! 1(3"4( ! ' ( -*6"&4*-! *06&/ &' ' ( -*6"&4! "4! *! #"+ "-*' ! 5 *: ! 6&! ( ) "#6"4; ! 1(3"4"6"&4#! &3
6(+ , &' *-!*41!#, *6"*-!*06&/ &' ' ( -*6"&4!F#( ( .!3&' !( ) *+ , -( .!N' (##"( !HI I CK=!L 06&/ &' ' ( -*6"&4
"4!67(#( !#, ( / "*-"?(1!6: , (#!&3!' ( -*6"&4*-!1*6*!7*#!-&4; !2( (4!' ( / &; 4"?(1!*#!*!#&0' / ( !&3
"4/ ' ( *#(1!8*' "*4/ (=!Y&5 (8( ' .! 67( !+ &' ( ! ; (4( ' *-!6: , (#!&3! ' ( -*6"&4*-!1*6*! / &+ + &4-:
*4*-: ?(1!2: !' ( -*6"&4*-!-( *' 4"4; !*-; &' "67+ #!, &#( !(8(4!+ &' ( !#(8( ' ( !/ 7*--(4; (#!2( / *0#(
67( !*+ &046!&3!-"4<*; ( !/ *4!2( !3*' !7"; 7( ' !67*4!"4!6(+ , &' *-!&' !#, *6"*-!1*6*!*41!2( / *0#(
67*6!-"4<*;( !/ *4!8*' :!1' *+ *6"/ *--:!* + &4;!&29( / 6#=

Z( -*6"&4*-! *06&/ &' ' ( -*6"&4! ' ( , ' (#(46#!*4! ( ) 6' (+ ( -: ! "+ , &' 6*46!6: , ( !&3!<4&5 -(1; (
*2&06! ' ( -*6"&4*-! 1*6*.! &4( ! 67*6! "#! 90#6! 2( ; "44"4; ! 6&! 2( ! ( ) , -&' (1! *41! ( ) , -&"6(1! 3&'
-( *' 4"4; !#6*6"#6"/ *-!+ &1( -#!&3!' ( -*6"&4*-!1*6*!F[ (8"--( !*41!\ (4#(4!JMMM]!G-*66( ' : !*41



! "#$%&' ' () * * *+,(- &#&./ "0"1#"$(/ 23&'1(.&4.&1&0#"05(#%&(&6#.&/ &(72./ (27(.&'8#"208'
89#2$2..&'8#"20(%8: &(; &&0('&8.0&3(72.(<&8.1(; <(=>?(1<1#&/ 1,(@<(.&4.&1&0#"05(803
91"05(.&'8#"208'(89#2$2..&'8#"20A(1#8#"1#"$8'(/ 23&'1($80(/ 8B&(91&(27(; 2#%(48.#"8' '<
'8; &'&3(38#8(1&#1(803(%"5%C$207"3&0$&("07&.&0$&1(8; 29#(#%&($'811('8; &'1(27(12/ &(023&1
#2("0$.&81&(#%&($207"3&0$&(D"#%(D%"$%("07&.&0$&1($80(;&(/ 83&(8;29#(0&8.;<(023&1,

E2D&: &.A(81(D&(1%2D(; &'2DA(.&'8#"208'(89#2$2..&'8#"20($80(8'12(5.&8#'<($2/ 4'"$8#&
'&8.0"05(27(8' ' (#<4&1(27(.&'8#"208'(/ 23&'1,(F1(D&(1&&B(#2(.&4.&1&0#(803(91&(.&'8#"208'
89#2$2..&'8#"20("0(1#8#"1#"$8'(/ 23&'1(27(.&'8#"208'(38#8A(D&(D"' ' (0&&3(#2(83G91#(72.("#1
&77&$#1(D%&0(&:8 '98#"05(/ 2.&(#.83"#"208'(#<4&1(27(7&8#9.&1("0(#%&1&(/ 23&'1,

! ""#$%&'(" ') *+, -.# /'0 1%($(22#3-%*(+ /'-+ 4'5 6#2"*%%*+.'(+ '7 *-&

H%&(.&19'#1(.&42.#&3(12(78.(72.($20$&0#.8#&3('"0B85&(803(.&'8#"208'(89#2$2..&'8#"20
4.2: "3&("/ 42.#80#($'9&1(#2(#%&(; &%8: "2.(1%2D0("0(I "59.&(J,(K#93"21(8.&(#%&(2; G&$#1("0
#%&( / 2: "&( 38#8( #%8#( %8: &( #%&( %"5%&1#( $2/ ; "08#"20( 27( $20$&0#.8#&3( ' "0B85&( 803
.&'8#"208'(89#2$2..&'8#"20,(=0(#%"1(1&$#"20A(D&(1%2D(#%8#A("7('"0B85&(803(89#2$2..&'8#"20
8.&(; 2#%(%"5%(72.(8(1"05'&(#<4&(27(2; G&$#A(803(80(8'52."#%/ (4.239$&1(2: &.7"##&3(/ 23&'1
#%8#(91&(8##.";9#&1(20(#%21&(2;G&$#1A(#%&0(#%&(#&1#(1&#(&..2.(D"' '(;&(;"81&3,

8 #9#+4#+%': 2-*+*+.'-+ 4': #&%'; #%&

L ": &0( #%&( 3&7"0"#"20( 27( 1"/ 4'&( .8032/ ( 48.#"#"20"05( "0( #%&( "0#.239$#"20A( D&( $80
&68/ "0&(#%&(1#8#"1#"$8'(3&4&03&0$&(27(19; 18/ 4'&1("#(4.239$&1,(M&(3&7"0&(!" #$%&'() *+,
#2(; &(#%&(4.2; 8; "' "#<(#%8#(19; 18/ 4'&1() (803(+(8.&("03&4&03&0#,)(I 9.#%&.A(D&(3&7"0&
!" #$%&'() *+-. ,/#2(; &(#%&(4.2; 8; "' "#<(#%8#(19; 18/ 4'&1() (803(+(8.&("03&4&03&0#(D"#%
.&14&$#(#2(8(14&$"7"$(2; G&$#(. ! 0A(#%8#("1(D%&.&() (803(+(8.&("03&4&03&0#(D"#%(.&14&$#(#2
2;G&$#1(1%(! 2(19$%(#%8#(!( 1%*.,! 3,

: <#( 2#= >(L ": &0(1"/ 4'&(.8032/ (48.#"#"20"05(27(8(.&'8#"208'(38#8(1&#(4(D"#%(1"05'&
'"0B85&(803(5678N

! "

!" #$%&' ! ( ") ## $ *+ , # %,

?2( ( ">(I ".1#A($201"3&.(8(18/ 4'&(4($2/ 421&3(27("03&4&03&0#(19; 5.84%1(19$%(81(#%21&
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In the relational version of the small disjuncts problem, models use relational
attributes to parse the space of objects y into sets so small that they can uniquely
identify one such object (e.g., a single studio). If that object is linked to many objects
x where a single class predominates (e.g., receipts = +), then a model that uniquely
identifies that object y can perform well on the training data. If that y also appears in
the test data, then the model can perform well on test data.

Indeed, such overfitting is made more likely by high autocorrelation among the
values of the class label within a given training set. If several objects X in a training
set are all linked to a single object y, and if the class labels of the objects X are highly
correlated, then it is more likely that a learning algorithm will create a model with
components intended to predict precisely these instances than if only a single instance
had this combination of attribute values and class label.
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Fig. 5. Bias increases with linkage (L), autocorrelation (C’), and number of random attributes
(k). Each point represents the average of 20 trials.

As noted above, relational autocorrelation represents an extremely important type
of knowledge about relational data, one that can be exploited to improve accuracy
(Neville and Jensen 2000; Slattery and Mitchell 2000). However, it can also fool
algorithms and evaluation techniques not designed to account for its effects.

For example, consider the results shown in Figure 5. The graphs show how the bias
varies across a wide range of linkage (L), autocorrelation (C’), and potential for
overfitting. To alter this latter characteristic of learning algorithms, we varied the
number of attributes k from one to ten. In each trial, we created synthetic data sets
with 200 objects X and specified values of autocorrelation and single linkage with
objects Y . Each object x was given a class label drawn from a binary uniform
distribution. Each object y was given k attributes, each with a value drawn from a
five-valued uniform distribution. This sample was then divided into equal-sized



training and test sets using simple random partitioning. We applied FOIL to the
training set, and then evaluated the error of the resulting rules on the test set. For each
combination of L, C’, and k, we ran 20 trials and averaged the bias.

For a given number of attributes k, bias increases dramatically with increasing
linkage L and autocorrelation C’. For high values of k, L , and C’, bias is maximal
(0.5). However, even moderate values of k, L , and C’ produce substantial bias,
confirming the results in the first section.

It is important to note that in the experiments presented above, these overfitted
models are not learning any general knowledge about autocorrelation and linkage. For
example, the FOIL rules learned for the experimental results depicted in Figure 4
contain only clauses of the form:

! " #" $%&' ( ) * +, - +. / 0" - 12( ) 34* 3+' &50$6- / &&! $15&" ' ( 43738393: * .
That is, they exclusively relate attributes of studios to receipts of movies linked to
them. As noted previously, linkage and autocorrelation represent an important type of
knowledge that could be exploited by a relational learning algorithm. However, most
relational learning algorithms either cannot or do not learn probabilistic models of this
form. The rules formed by FOIL on the synthetic data used in Figure 5 are of a similar
form. The results in Figure 5 show that large bias that can result when algorithms
learn overfitted models from data with strong linkage and autocorrelation.

! " #$%&' ( )! &* ' +,- $

Fortunately, this bias can be eliminated by a relatively small change to the procedure
for creating training and test sets. Subgraph sampling guarantees that an object y and
corresponding objects X appear only within a single subsample. This confines any
autocorrelation among the class labels of objects X to a single subsample, and thus
removes the dependence between subsamples due to concentrated linkage and
relational autocorrelation.

We first introduced subgraph sampling of relational data in an earlier paper (Jensen
and Neville 2001). However, we lacked a full understanding of the causes of
dependence between subsamples, and we proposed an extreme form of subgraph
sampling that eliminated all possible duplication of objects between subsamples, even
when class labels were not autocorrelated through all types of objects. Here we
propose a form of subgraph sampling that is far more conservative.

First, consider the special case where linkage and autocorrelation are high for only
one type of object y, and that object exhibits single linkage with objects X. For
example, in the movie data, only studios exhibit both high linkage and high
autocorrelation; other types of objects (actors, directors, and producers) have fairly
low values for one or both quantities. In addition, studios exhibit single linkage with
movies. In this special case, we can partition a sample S based on the objects Y (e.g.,
studios), and then place all objects X in the same subsample as their corresponding y.

A more general partitioning algorithm first assigns objects X  to prospective
samples, and then incrementally converts prospective assignments to permanent
assignments only if the corresponding objects Y for the given x are disjoint from other
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Appendix
The movie data were coded for input to FOIL as follows: Each studio attribute was
specified as an unordered discrete type with all attribute values flagged as a theory
constants. Unordered type specifications also define movies and studios, with 1382
unique labels for the movies and 128 unique labels for the studios respectively.

The input contains one target relation and two background relations:
receipts(movie)
made-by(studio)
studio-attributes(studio, first-char, name-len, in-us, decade)

The target relation described above for movie receipts contains both positive and
negative examples. The two background relations contain only positive examples; one
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